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Abstract- New constitutive equations are derived for viscoelastic media which do not possess the
separability property. The model extends the concept of transient polymeric networks by assuming
the rates of breakage and reformation of adaptive links to depend on strain energy density. This
permits mechanically induced aging/rejuvenation of polymers to be described.

To verify the constitutive relations, we use experimental data obtained in tensile relaxation
tests for poly(methyl metha,;rylate) and polycarbonate, in shear relaxation tests for poly(methyl
methacrylate) and an epoxy glass, and in tensile tests with constant rate of strains for ethylene­
butene and ethylene-octene copolymers, poly(ethylene terephthalate), and polycarbonate at strains
up to 300 per cent. The mod~1 provides fair agreement between observations and their predictions.

As an example of inhomogeneous deformations, we analyze inflation of a thick-walled vis­
coelastic spherical vessel under the action of internal pressure. The effect of material parameters on
stresses and displacements is studied numerically. I!:, 1998 Elsevier Science Ltd. All rights reserved.

I. INTRODUCTION

The paper is concerned with constitutive relations for the nonlinear viscoelastic behavior
of polymers under isothermal loading at finite strains.

Constitutive models in finite viscoelasticity have attracted essential attention in the
past three decades due to their applications in polymer engineering. However, a majority
of the studies have dealt with viscoelastic media obeying the separability principle, which
implies that the effects of time and strains on the mechanical response may be separated
(to a certain extent).

As common practice, the separability property is demonstrated in one-step relaxation
tests, where the stress is factorized into the product of a function of time (the relaxation
modulus in linear viscoelasticity) and a function of strains (the damping function), see, e.g.
Wagner (1976). This implie:; that the relaxation curves obtained at different strain levels
and plotted in the bi-loganthmic coordinates are parallel to each other. Experimental
evidence of the separability property is produced by Bloch et al. (1978) and Glucklich and
Landel (1977) for styrene-butadiene rubber, by Isono and Ferry (1985) and Titomanlio
(1980) for polyisobutylene,)y Khan et al. (1987) and Laun (1978) for polyethylene, and
by Soskey and Winter (1985) for polyethylene and polystyrene. However, even in those
studies some deviations are observed from the separability principle at large strains (about
100 per cent), see, e.g. Soskey and Winter (1985), and at large times (about 15 min), see,
e.g. Titomanlio et al. (1980) Moreover, prediction of the response in two-steps relaxation
tests based on the separabi'ity hypothesis leads to serious discrepancies between exper­
imental data and results of numerical simulation, see, e.g. Petruccione and Biller (1988)
and Titomanlio et al. (1980).

Non-parallelness of relaxation curves measured at different strain levels have been
demonstrated by Litt and Torp (1973), Ricco and Smith (1985), Tervoort et al. (1996), and
Yee et al. (1988) for polycarbonate, by McKenna and Zapas (1979) and Marrucci and de
Cindio (1980) for poly(methyl methacrylate), and by Santore et al. (1991) and Waldron et
al. (1995) for an epoxy glass. In the framework of the K-BKZ theory, this phenomenon
may be explained by the effect of strains on some "internal clock", and it is referred to as
the mechanically induced rej uvenation of polymers (e.g. Struik, 1978; Waldron et al., 1995;
and the bibliography thereir).
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The idea of reduced (or internal) time for the prediction of the nonlinear viscoelastic
response goes back to Leaderman (1943), who proposed to replace the absolute time tin
the integral constitutive equations by some internal time ~ to account for the effect of
strains on the current stress. At infinitesimal strains, the internal time coincides with the
absolute time, while at large deformations, the internal time is determined by the formula

II dr
~(t) = -(;-) ,

I) a .
(I)

where the shift factor aCt) is a function of the current strain tensor e(t).
Equation (I) imposes strong restrictions on the relaxation spectrum, since it implies

that the relaxation times Tm change similarly to each other

T",(E)
T (0) = a(e).

",

(2)

Formula (2) has been questioned by several authors (e.g. McCrum, 1984). In particular,
using experimental data for poly(methyl methacrylate), Read (1981) demonstrated that the
ratio in the left-hand side of eqn (2) increases with the growth of m.

The main disadvantage of the concept of internal time is that no physical model exists
to describe the effect of strains on the shift function a. Schapery (1966) suggested to treat
a as an adjustable function which is found by fitting experimental data. La Mantia (1977)
and La Mantia and Titomanlio (1979) assumed that the shift function a was connected
with the fractional free volumefby the Doolittle equation (Doolittle, 1951),

(3)

where f is the free volume fraction at the strain E, fo is the free volume fraction at the zero
strain, and B is an adjustable parameter.

Formally, eqn :3) does not simplify the problem, since it expresses one unknown
function a in terms of another unknown function f As common practice, the free volume
fractionfis assumed to change linearly with volume deformation (e.g. La Mantia, 1977;
Knauss and Emri, 1981 ; Shay and Caruthers, 1986; Losi and Knauss, 1992; Chengalva et
al., 1995). Accordinf; to more sophisticated modelsJsatisfies a linear differential equation,
the right-hand side of which depends linearly on the volume deformation (e.g. La Mantia
and Titomanlio, 197~). Knauss and Emri (1987) proposed to replace the differential equa­
tion for the functionfby a linear integral equation.

The above models predict the effect of dilatation on the relaxation spectrum. To
account for the influence of shear strains [this effect was confirmed experimentally by
McKenna and Zapas (1979)], Wineman and Waldron (1993, 1995) supposed that the free
volume fraction increased linearly with the growth of the local shear, see also Waldron et
al. (1995) and the biJliography therein.

A linear dependence of the free volume fraction on the shear strain allows two physical
phenomena to be described in the framework of the nonlinear viscoelasticity: (i) the effect
of strains on relaxation spectra; and (ii) the yield-like behavior of polymers under tension
(a local maximum 01 the stress-strain diagram 0"(8), a decreasing branch of the 0"(8) curve
immediately after the yield point, and an increasing branch of this curve at large strains).
As serious drawbacks of this approach, we may mention (i) the absence of experimental
verification for basic postulates, and (ii) the absence of a physical concept which permits
phenomenological equations to be interpreted at the micro-level.

The objective of the present paper is to derive a model for nonlinear viscoelastic media
with some "internal clock" based on the concept of transient polymeric networks (e.g.
Green and Tobolsky, 1946; Yamamoto, 1956; Lodge, 1968; Tanaka and Edwards, 1992).
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According to that concept, a polymeric material is thought of as a network of adaptive
links (springs) which break and emerge. The links model chemical and physical crosslinks,
as well as entanglements between polymeric chains. Using the balance law for the number
of links, we derive partial differential eq uations for the breakage functions. Coefficients of
these equations (the reformation rates) are constant for the linear viscoelastic behavior.
Assuming these coefficients to depend on strain energy density of adaptive links, we arrive
at new constitutive equatiom in the nonlinear viscoelasticity.

According to basic axioms of the constitutive theory (e.g. Truesdell, 1975), the stress
tensor at the current instant t is entirely determined by the deformation history up to the
instant t. Relationships presenting the stress as a tensor-valued functional on strain histories
may be referred to as explicit constitutive equations. It is worth also mentioning constituti ve
models with the so-called "stress-induced internal clock" (stress-dependent relaxation spec­
tra), which determine the stress implicitly as a functional on both strain and stress histories
(e.g. Kaye, 1966; Bernstein and Shokooh, 1980; Tervoort et al., 1996).

The question of what i, the real reason for changcs in the characteristic times of
relaxation remains open up to date. In the present work. we confine ourselves to "explicit"
integral constitutive equations with a strain-induced internal clock. However, the energy
approach (which implies that a strain energy density determines reformation of adaptive
links) allows us to account for effects of both mechanical factors on the relaxation spectrum.
To derive a model with a "strain clock", it suffices to assume that the strain energy density
is a function of strains, whill~ to arrive at a constitutive model with a "stress clock", we
assume that the strain energy density is a function of stresses.

The paper is organized as follows. Section 2 is concerned with a model of adaptive
links. We derive some presentation for the relaxation kernel of a non-aging linear vis­
coelastic medium and extend the governing equations to viscoelastic media with strain­
dependent relaxation spectra. In Section 3, we discuss the time-strains superposition prin­
ciple and propose a new phenomenological equation for the shift factor. Constitutive
equations for viscoelastic materials which do not possess the separability property are
developed in Section 4. As a particular case, we consider constitutive relations for a neo­
Hookean viscoelastic medium with a strain-dependent spectrum. Uniaxial tension of a
viscoelastic specimen is studed in Section 5, and simple shear is analyzed in Section 6.
Explicit solutions are derived for nonlinear, incompressible, viscoelastic media with finite
strains, and the obtained relations are verified by comparison with experimental data for
several polymers. Section 7 deals with inflation of a viscoelastic hollow sphere at large
deformations. Some concluding remarks are formulated in Section 8.

2 A MODEL OF ADAPTIVE LINKS

According to the concept of transient polymeric networks, a viscoelastic medium is
modeled as a system of parallel elastic springs (links between polymeric chains) which break
and arise. It is assumed that Xo initial links are not involved in the reformation process,
and M different kinds of replacing links exist which correspond to M different characteristic
times of relaxation (e.g., He and Song, 1993). The number of links of the mth kind arisen
before instant r and existing at instant t is denoted as XII/(t, r). The quantities Xoand XII/Ct, r)
determine the numbers of adaptive links per unit volume in the reference configuration.

The function X"Jt, r) entirely characterizes breakage of existing links and creation of
new links of the mth kind. For example, the derivative

equals the rate of annihilation (at the current instant t) for adaptive links emerged before
instant T. while the derivative
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ax",
-~-(t, I)
(,I

equals the rate of creation of new links (at instant r) which survive until the current instant
t.

We introduce the relative rates of reformation

(4)

where X", = X",(O, 01, and the breakage functions 9m(t, I). The quantity 9m(t, I) equals the
relative number of adaptive links of the mth kind existed at instant I and broken to instant
t. Evidently,

X",(t,O) = X", (0, 0)[1-9",(t, 0)] = X",[1-9",(t, 0)],

a~ a~ _
-~-(t, I) = -~-(t, I)!t=c[I-9",(t, I)] = X",r",(I)[I-9",(t, I)].

CI OI

Substitution of expressions (4) and (5) into the formula

f
l ax",

X",(t, t) = X",(t, 0) + --~-(t, I) dI
° CI

yields

X",(t, t) = X", {I -9",(t, 0) +1: Y",(I)[I - 9",(t, I)] dI}'

(5)

(6)

We begin with the analysis of the balance eqn (6) for non-aging viscoelastic media, the
mechanical properties of which are independent of time. For non-aging materials,

X",(t, t) = X"" }'",(t) = Y",o, 9",(t, I) = 9",0(t-I), (7)

which mean that the total number of links remains unchanged, the rate of reformation is
time-independent, and the relative number of adaptive links arisen before instant I and
broken to instant t is determined by the difference t - I only. It follows from eqns (6) and
(7) that

9",0(t) = r",o fl [1-9",0(I)] dI.

°

Differentiation of this equality implies that

d9",0 . . [I ( )]
~(t) = }'",o -9",0 t ,

Solving eqn (8), we find that

9",o(0) = O. (8)

9",0(t) = l-exp( -y",ot)·

We substitute expression (9) into eqn (5), use eqn (7), and obtain

(9)
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- ax",_xl1.(t,O) = X mexp( -rmOt), --~-(t, r) = X",i'",o exp [-y",o(t-r)]. (10)
or

It follows from eqns (7) and (10) and the formula

f
lax

Xm(t, r) = Xm(t, t) - -~(t, .1') ds,
T us

that the total number of adaptive links (per unit volume) arisen before instant r and existing
at instant t

is calculated as

where

M

X(t, r) = Xo+ I X,n(t, r)
m= I

M

X(t,!1 = Xo+ I Xmexp[-Ymo(t-r)]
m=!

(II)

(12)

M

x= I Xm ,
f1l=O

Xm

tim = x· (13)

In linear viscoelasticity, the function X(t, r) coincides with the relaxation kernel of a
viscoelastic medium (e.g. Drczdov, 1996). According to eqn (12), the relaxation kernel of
an arbitrary non-aging viscoelastic material can be presented in the form of a truncated
Prony series.

To describe the mechanical meaning of eqn (8), we consider a subsystem of the system
of adaptive links of the mth kind, which contains vm(r) links at instant r. By analogy with
eqn (5), the number of links v,,,(t) in this subsystem at an arbitrary instant t is calculated as

Vm(t) = vm(r)[l-g",(t, r)].

Differentiation of eqn (14) with the use of eqns (7) and (8) implies that

dVm cg", dg",o
-(t) = -v (r)-(t r) = -v (r)-(t-r)
dt '" at' m dt

= -YmoV,n(t).

(14)

(15)

According to eqn (15), formula (8) means that for any subsystem of the system of adaptive
links of the mth kind, the relative rate of breakage equals YmO

(16)

In viscoelastic materials "vith strain-dependent spectra, eqns (7) do not hold. For an
arbitrary loading history, the rates of reformation }'", depend explicitly on time, while the
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breakage functions gm depend on two separate variables t and T (as a consequence of
dependencies of I'm Ind gm on strains, which, in turn, change in time). The latter may be
thought ofas an apparent aging/rejuvenation of polymers (Ricco and Smith, 1985; Waldron
et al., 1995).

For aging materials, the balance eqn (6) can help a little, because it contains three
unknown functions Xm(t, t), Ym(t), and gm(l, T). Our analysis of the response in aging
viscoelastic media is based on the following two hypotheses:

• the relative rates of reformation Ym(t) are prescribed functions of time;
• formula (16) is satisfied both for non-aging and aging polymers. In the latter case it reads

ogm
at(l, T) = Ym(I)[I-gm(t, T)], gm(T, T) = o. (17)

A phenomenological relationship similar to eqn (17) has been proposed by Petruccione
and Biller (1988). The difference between the two models consists in the following: accord­
ing to our approach, eqn (17) determines entirely the reforation process, while in the
Petruccione-Biller model an additional formula is necessary for the reformation rate.

It follows from eqns (5) and (17) that the functions

( )
_ !m(t, 0)

nm I - X '
m

are governed by the differential equations

(18)

I dnm
nm(t) -ctt(t) = -Y",(t), nm(O) = I,

I oNm
Nm(t, T) a,-(I, T) = -rm(I), Nm(T, T) = Ym(T). (19)

Given functions Ym(t), eqn (19) determines the numbers oflinks of the mth kind which exist
at time t.

3. TIME-STRAINS SUPERPOSITION PRINCIPLE

To derive expressions for the reformation rates I'm, we return to eqn (2) and suppose
that the relaxation times Tm change similarly to each other. Formula (2) is confirmed by
experimental data for a number of polymers at different temperatures and pressure levels
(Ferry, 1980). As common practice, eqn (2) is used for the analysis of data obtained in
static and dynamic tests at various absolute temperatures 9 and it is referred to as the time­
temperature superposition principle, while the function a = a(9) is the thermal shift factor.

The effect of temperature on the relaxation times may be described by the Doolittle
equation

Tm (9) ~ (I 1)
Ina(9) = In T

m
(9

o
) = Ii. J- J; , (20)

where ~ is an activation enthalpy and R is the Boltzmann constant. By assuming the
functionJin eqn (20) to depend linearly on the temperature 9,

(21)

where ~9 is a coefficient of thermal expansion, we arrive at the WLF-equation (Ferry, 1980),
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which correctly predicts the effect of temperature on the relaxation spectrum for a number
of polymers (mainly, above the glass transition temperature).

To describe the effect of dilatation on the relaxation times, Knauss and Emri (1981,
1987) suggested to add a term proportional to the volume deformation to the right-hand
side of eqn (21). This model has been verified using experimental data for poly(vinyl
acetate), see Knauss and Emri (1987), and polyethylene, see Chengalva et al. (1995). By
analogy with that approach, Wineman and Waldron (1993, 1995) suggested to add two
terms to the right-hand side of eqn (21). The first one is proportional to dilatation, while
the other is proportional to the shear deformation. To the best of our knowledge, that
model has not yet been verified by comparison with experimental data.

We confine ourselves to 'sothermalloading and propose the following formula for the
free volume fraction similar to that suggested by Knauss and Emri (1981, 1987) and
Wineman and Waldron (1993, 1995):

(22)

Here Wo is some strain energy density, and [3 is an adjustable parameter.
Equation (22) may be tn:ated as a truncated Taylor series for the functionf(Wo) where

terms of the second order are neglected. The latter means that eqn (22) should be satisfied
at least when the function f( Wo) is sufficiently smooth and the mechanical energy Wo is
small. We will demonstrate later that eqn (22) is in fair agreement with experimental data
for a number of polymeric materials at strains up to 300 per cent.

Combining eqns (20) and (22), we obtain

(23)

where

P
f3 = r'

)0

To analyze experimental data, we employ the ratio

(24)

instead of the shift function aCe), see eqn (2). Here eo is a given strain tensor. It follows
from eqns (23) and (24) that

(25)

where

Since the reformation rates Ym are inversely proportional to the characteristic times of
relaxation,

equation (25) implies that for any m,

Ym = T;;,l, (26)
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(27)

Given strain hi:;tory 8(t) and strain energy density Woes), eqns (19) and (27) determine
entirely breakage and reformation of adaptive links.

There are several approaches to define the function Wo in eqn (23). For example, we
may assume that rFo equals the strain energy density (per unit volume) of a viscoelastic
material. In that case, the mechanical energy of all existing links determines the reformation
process.

Another way is to suppose that reformation of any kind of adaptive links is determined
by its own energy density. The latter implies that similarity of the relaxation times Tm fails
in accordance with Read (1981).

We may assume that there is some "basic" kind of links, whose strain energy density
determines the rate~; of reformation for other kinds of adaptive links. Buckley and Jones
(1995) distinguished two types of chemical links: strong (which characterize bond stret­
ching), and weak (which characterize changes of molecular conformations) and supposed
that only strong lin<s were responsible for anelastic processes in polymers. Treating non­
replacing links as ar analog of strong bonds, we assume that their strain energy density Wo
determine the breakage and reformation processes.

Equation (23) provides a simple physical model for the analysis of transient networks.
However, formula (23) should be considered rather as a phenomenological equation to be
confirmed by observations than a physical law for interactions between polymeric
molecules. Validaticn of this equation by comparison of numerical results with experimental
data will be carried out in Sections 5 and 6.

4. CO',STlTUTlVE EQUATIONS FOR A VISCOELASTIC MEDIUM

An adaptive link of the mth kind is modeled as an incompressible, isotropic, hyp­
erelastic solid, the patential energy Wm of which depends on the first invariants 11 and 12 of
some Finger tensor F. We assume that the natural (stress-free) state of a link which merges
with the network at instant r coincides with the actual configuration of the system. This
means that we can set

for the initialhnks (existed at t = 0) and set

F = F' (t, r)

for links arisen at instant T. Here F°(t) is the Finger tensor for transition from the initial to
the actual configurction, and FO(t, r) is the relative Finger tensor for transition from the
actual configuration at instant r to the actual configuration at instant t.

Summing up pJtential energies for adaptive links existing at instant t, we obtain the
total potential energy of the system

W(t) = XoWo(h(Fo(t))) +JI lXm(t, 0) Wm(h(F°(t)))

+ r' a~m(t, r) Wm(h(F
c

(t, r))) drJ. (28)
Jo cr

Substitution of expressions (13) and (18) into eqn (28) implies that
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where

(30)

There are two ways to derive the stress-strain relations for an incompressible vis­
coelastic medium with a given strain energy density per unit volume W(t). According to
the first, the Lagrange variational principle is employed to obtain an explicit formula for
the Cauchy stress tensor a(t) (e.g. Drozdov, 1993). According to the other technique, the
stress tensor is calculated using an analog of the Finger formula for a viscoelastic material
(e.g. Drozdov, 1996). Both approaches entail the constitutive equation (simple, but tedious
calculations are omitted)

Here p is pressure, I is the urit tensor, and

2 2

0 m(t) = L \}J" ..k(t)[FO (tW , 0~(t, T) = L \}J~'k(t, T)[F
o

(t, T)]k, (32)
k~ I k= I

where

o () Wm 0 (. () Wm 0

\}Jm.l(t,·;) =~I(lk(t,T))+/1(t,T)--:'-1 (Ik(t,T»),
( I ( 2

(33)

Given strain energy densities Wm(Ij, 12) (m = 0, I, ... ,M), integro-differential eqns
(19), (27), and (31) to (33) determine the response in a viscoelastic medium which does not
obey the separability princiJle.

As a particular case, we assume that all kinds of adaptive links are governed by the
constitutive equations of a1eo-Hookean elastic solid with the strain energy density

W = Pm(I - 3)
m 2 I '

(34)

where Pm is the generalized elastic modulus. Substitution of expression (34) into eqns (32)
and (33) implies that
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Combining these equalities with eqn (31), we arrive at the formula

Bearing in mind that

M

170 = 1- L 17m,
m=1

we present eqn (35) as follows:

(36)

Formula (36) provides the constitutive equation for a neo-Hookean viscoelastic medium
with a strain-dependent relaxation spectrum, where the functions nm(t) and Nm(t, ,) satisfy
eqn (19), while the rates of reformation of adaptive links Ym are calculated according to eqn
(27).

5. UNIAXIAL TENSION OF A SPECIMEN

To analyze the constitutive model eqns (19), (27), and (31), we consider uniaxial
tension of a specimen

(37)

where X' and Xi are Cartesian coordinates in the initial and actual configuration. It follows
from eqn (37) that the deformation gradient VoNt) equals

(38)

where ej are unit v,~ctors of the Cartesian coordinate frame in the initial configuration.
Equation (38) implies that the Finger tensors FO(t) and pet, ,) are calculated as

It follows from eqn (39) and the incompressibility condition

I~(t) = 1

that

(39)

(40)
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We substitute expression (41; into eqn (39) and find that

Combining expressions (31), (32), and (42), we obtain

where

0"1 (t) = -p(t) +2).2(t) {IJO'PO.I (t)+ m~1 IJm [nm(t)'P m.1 (t)+ Ym,I.-2(t)]}

+2J.4(t) { IJ O'P O,2(t) +m~llJm[nm(t)'Pm'2(t)+ Ym'2'-4(t)]},

0"2(t) = 0"3(t) = -p(t)+U-I(t) {IJO'PO.I(t)+ "~llJm[nm(t)'Pm'I(t)+ Ym,I.I(t)]}

{
M }+ 2), -2 (t) 1J0 \P0,2 (t) + "~I IJm[nm(t)'Pm,2 (t) + Ym,2,2 (0] .

Here

2325

(41)

(42)

(43)

(44)

(45)

Since expression (43) is independent of spatial coordinates, the equilibrium equations are
satisfied identically, The boundary conditions on the lateral surface of the specimen read

(46)

Excluding pressure p eqns (44) and (46), we find the only non-zero component of the
Cauchy stress tensor

M

+ 2 L: IJm {[(nm(t)'Pm, (t) + Ym,l ,_ 2(tnA 2(t) - (nm(t)'Pm,l (t) + Ym.l ,I(fnA -I (t)]
m=l

Given program of loading ;, = A(t), eqn (47) together with eqns (19), (27), (33), (42),
and (45) determines the longitudinal stress 0"1(t) provided the parameters M, B, /3, (mO' 11m,
and the functions Wm(I" 12) are prescribed,
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Expression (47) is simplified essentially for the neo-Hookean viscoelastic medium with
the strain energy density (34). Assuming additionally that

we write

/10 = /11 = ... = 11M = /1, (48)

(T 1(t) = /1 {~10 (),2 (t) -), - 1(t)] +"~I ~lm[(nm(t) + Y,,,- 2(t»);. 2(t) - (nm(t) + Y""I (t»A -I (t)]}

(49)

where

Ym.k(t) = r
l

NmU, r)},k(r) dr.
Jo

(50)

Combining eqns (19) and (50), we find that the functions Ym.k(t) obey the ordinary differ­
ential equations

dYm,k , 'k II oN", k
'-~d(t) = lIi",(t,t)), (t)+ ·-~-(t,r)) (r)dr

t 0 ct

= '/",(t)},k(t) - L'lmU)Nm(t, r)Ak(r) dr

= ,/",(t)[/.k(t) - YmJt)], Y",AO) = o. (51 )

To calculate the stress (TI(t) for a given function AU), we should solve ordinary differential
equations (19) and (51) with the parameters 'r", calculated according to eqn (27), and
substitute the obtained functions nm(t) and Ym,k(t) into formula (49).

Let us consider the standard relaxation test with

It follows from eqns l42), (48), and (52) that

t ~ 0,

t<O
(52)

(53)

Equations (27) and (53) imply that 1", = I'm (A) are independent of time. Integration of eqns
(19) and (51) results in

n,,(t) = exp( -Ymt), Y",.k(t) = ;.k[l-exp( -'rm!)]'

Substituting expressions (52) and (54) into eqn (49), we obtain

(54)
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(55)

Calculating the logarithm of both sides of eqn (55) and bearing in mind eqn (27), we arrive
at the formula

log G 1(t) = log r(l,) + log {fJ.0 [1]0 + t 17/11 exp (- Ym«~~o)) t)J},
m= I Go I~

where ,1,0 is a fixed extension ratio, fJ.o = fJ.().~ - ;'1) 1), log = 10glO' and

(56)

(57)

It follows from eqn (56) that in the bi-Iogarithmic coordinates, the relaxation curve cor­
responding to an arbitrary extension ratio ;. can be obtained from the relaxation curve at
the extension ratio J.oby verti,~al shift by log r(}.) and horizontal shift by log ao(A). The latter
means that some master CUf've can be constructed by vertical and horizontal shifts of an
arbitrary set of relaxation cU:'ves measured at various extension ratios.

To validate this assertion, we analyze experimental data for poly(methyl methacrylate)
plotted in Fig. I. This figure demonstrates that the material under consideration does not
possess the separability property.

The relaxation master curve is depicted in Fig. 2 together with its approximation by
the function

8.0

0"1

0.0

6
5

-----~-::::::::::~ j
~=:=~::::::::=:=:~~;~ i

~1.0 logt 2.0
Fig. I. The longitudinal stre,s 0') (MPa) vs time I(min) in tensile relaxation test for poly(methyl
methacrylate) at 140C. Circles, experimental data obtained by Marrucci and de Cindio (1980);
solid lines, prediction of the node!. Curve I, ;. = 1.32; curve 2, ;, = 1.59' curve 3, Ie = 2.00; curve

4, ).= 2.39; curve 5, A ~ 2.91 ; curve 6, ,{ = 3.64.
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log 0'1

0.0

A. D. Drozdov

-3.0 log t 3.0
Fig. 2. The longit1ldinal stress (;, (MPa) vs time t (min) in tensile relaxation test for poly(methyl
methacrylate) at 140'T. The master curve (reduced to A = 2.0) is obtained based on experimental
data provided by Marrucci and de Cindio (1980). Filled circles, A = 1.32; unfilled circles, i. =, 1.59;
asterisks. i. = 2.0; diamonds, A = 2.39; left triangles, i. = 2.91 ; right triangles, i. = 3.64. Solid line:
approximation of the master curve by the Prony series with AI = 6, /10 = 3.134 (MPa). and the

parameters ~lm and (m(i.o) presented in Table I.

Table 1. The adjustable parameters I'fm and
!mVO) for poly(methyl methacrylate) at

140C

11m

0.1962
0.2753
0.0900
0.1450
0.1000
0.0641
0.1295

0.000
0.002
0.020
0.200
2.000

20.000
200.000

with M = 6. The adjustable parameters flo, '1m' and 'Ym(A-O) are found to ensure the best fit
of experimental data.

To check that the neo-Hookean model eqns (34) and (48) can be applied to describe
the behavior of poly(methyl methacrylate), we plot the ratio r obtained by vertical shift of
the relaxation curves vs the ratio

12 ,- I
A -A

The results presented in Fig. 3 make evident that formula (57) is satisfied with a high level
of accuracy.
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4.0
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o

0.0

4.00.0
.\2_.\-1

.\~-.\ol

Fig. 3. The ratio of the elastic response at the extension ratio A to the elastic response at the elastic
ratio ,10 vs the ratio ().' - A. - I )(A6 ~ ,10 ') - I for poly(methyl methacrylate) at l40"C. Circles, data

obtained by vertical sLift of the relaxation curves; solid line, prediction of the model.

The shift factor ao determined by horizontal shift of the relaxation curves is plotted in
Fig. 4 vs the strain energy density Woo Figure 4 shows that the phenomenological eqn (23)
with adjustable parameters Band [3 correctly predicts the effect of strains on the relaxation
spectrum.

3.0

In aa

-3.0

0.0 tVa 20.0
Fig. 4. The shift factor a" vs the strain energy density Wo (MPa) for poly(methyl methacrylate) at
l40c C. Circles, data obtained by horizontal shift of the relaxation curves; solid line. prediction of

thc medel with Bo = 2.978, B = 7.092, and f3 = 0.245.
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The relaxation curves calculated according to eqn (55) are plotted in Fig. I. This figure
demonstrates fair agreement between experimental data and their prediction by the model.

Another issue cf interest is an opportunity to describe yield of viscoelastic-plastic
media using some "internal clock". As common practice, the material yield is treated as a
local maximum on he nominal stress·~nominal strain diagram in tension with a constant
rate of strains. The first model with a stress-dependent relaxation spectrum for the yield­
like behavior of viscoelastic media was proposed by Tobolsky and Eyring (1943). This
concept has been developed by Bernstein and Shokooh (1980) and, recently, by Hasan et
al. (1993) and Tervoort et al. (1996), to mention a few. To describe yield in polymeric
media, nonlinear integral constitutive models with strain-dependent spectra were suggested
by Shay and Caruthers (1986) and Wineman and Waldron (1993, 1995). Since the fact that
integral constitutive relations in nonlinear viscoelasticity can model the material yield
provided the relaxation times depend on stresses (strains) has already become evident, we
concentrate on the so-called double yield, where two points of maximum can be found on
the nominal stress-nominal strain diagram prior to necking. The double yield under tensile
loading was observed in polyethylene and its copolymers, see Brooks et al. (1992, 1995),
Lucas et al. (1995), Seguela and Rietsch (1990), Truss et al. (1984), and Wilding and Ward
(1981), and in poly(tetramethylene terephthalate) and its copolymers, see Muramatsu and
Lando (1995). Secondary crystallization of polymers appears to be a driving force for this
phenomenon (e.g., Lucas et al., 1995).

To demonstrate opportunities of the constitutive model (49), we fit experimental data
for ethylene-octene and ethylene-butene copolymers in tension with a constant rate of
nominal strains t,

(58)

Since the number of experimental data for any test is not large (from 10 to 20), we confine
ourselves to the cases M = 1 (one kind of replacing links). In this case, eqn (49) reads

(59)

Here

ql(t) = i.2(t)-i.- 1(t),

c!2(t) = [nl (t)+Y2(t)]i. 2(t)-[nl (t)+Yl (t)]),'l (t),

where the functions nj(t), Yl(t) = Yu(t), and Y2(t) = Y I - 2(t) obey the ordinary differential
equations

dy, ')] 0) 0-d = rl(t)[),(t -VI, ,vl( = ,t .

The function rj(t) is calculated as

where
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[ I JIna(t) = B -I .
I+Po(J. 2 (t)+U·· I (t)-3)

The constants CJ, C2 , and Po are expressed in terms of the model parameters as
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Given i'llh B, and Po, the adjustable parameters C I and C2 are found by using the
least squares method. To determine the parameters /Ilh B, and Po, which ensure the best
approximation of experimental data, we employ a version of the steepest descent method
with constrains C ;:" 0 and ('2 ;:" O.

Experimental data and:heir prediction by the model are plotted in Figs 5 and 6. It
should be noted here that two local maxima are observed only on the nominal stress­
nominal strain curves, see, e.g. Figs I and 2 in Lucas et al. (1995), while the true stress­
extension ratio dependencies reveal rather a "quasi-yield" behavior, see Figs 5 and 6.

The following conclusions may be drawn:

(i) the model (49) with a strain-dependent relaxation spectrum correctly describes double
yield in polymers even W:len only one kind of adaptive links is taken into account;

(ii) the effect of strains on the relaxation spectrum increases abruptly when the specimen
under consideration demonstrates double yield.

Since double yield is typical of semicrystalline polymers, a hypothesis may be suggested
that a significant deviation of the viscoelastic behavior of polymers from the separability
property is caused by (or, at least, is connected with) high level of crystallinity.

To make evident that the model does not only fit experimental data, but adequately
predicts the material response, we determine adjustable parameters by using results of
tensile test with one rate of strains, calculate the longitudinal stress in tensile test with
another rate of strains, and compare results of numerical simulation with experimental

50.0

(jt

0.0

2

1

1.0 A 4.0
Fig. 5. The longitudinal stre,;s 0', (MPa) vs the extension ratio i, for ethylene-octene copolymer in
tension with the rate of strain t = 0.085 (s") at 2YC. Circles. experimental data obtained by Lucas
el al. (1995), solid lines, prediction of the model. Curve I-·core crystallinity 0.27.11 = 13.630 (MPa).
"ill = 0.28 (s"). /1, = 0.834, B = 0.0. and [3" = 0.0: curve 2--core crystallinity 0.40, 11 = 20.028

(MPa). Oil) = 0.24 (S·i), /1, = 0.866, B = 0.22, and [30 = 0.24.
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60.0

0.0

2
1

1.0 .\ 4.0
Fig. 6. The longitudinal stress 0", (MPa) vs the extension ratio A for ethylene-butene copolymer in
tension with the rate of strain i; = 0.085 (s-I) at 25"C. Circles, experimental data obtained by Lucas
et at. (1995), solid lines, prediction of the model. Curve l-eore crystallinity 0.36, ,u = 23.921 (MPa),
YIO = 0.28 (S-I), 1]1 = 0.87, B = 0.0 and Po = 0.0; curve 2-eore crystallinity 0.44,,u = 24.379 (MPa),
YIO = 0.18 (s-'), /I, = 0.87, B = 0.34, and Po = 5.8; curve 3-eore crystallinity 0.55, ,u = 41.264

(MPa), YIO = 0.32 (s-'), 1], = 0.90, B = 0.0, and Po = 0.0.

data. The curves plDtted in Fig. 7 for poly(ethylene terephthalate) show that the model
ensures good agreement between experimental data and numerical prediction for strains
up to 100 per cent when the rates of strains differ by more than an order.

To demonstrate ability of the model to predict the viscoelastic behavior under different
loading programs, we determine adjustable parameters by using data in the standard
relaxation test, calculate the material response in tensile test with a constant rate of strains,
and compare result5 of numerical simulation with observations. Since appropriate data at
finite strains are not available, we confine ourselves to small deformations (up to 4 per
cent) of a polycarbonate specimen. The mechanical behavior of adaptive links under
uniaxial loading is modeled by the nonlinear constitutive relation

(J = Klel" sign e, (60)

where (J is the nominal stress, e is the nominal strain, and K and IX are material parameters,
see Drozdov (1997). Experimental data together with their prediction by the model with
M = 6 are plotted in Fig. 8 for the standard relaxation test and in Fig. 9 for the tensile test
with constant rate of strains. Figure 9 shows good agreement between observations and
results of numerical simulation. The maximal difference between measured and calculated
stresses does not exceed 10 per cent, which is quite acceptable taking into account that only
four relaxation curves were available to construct the master curve.

6. SIMPLE SHEAR OF A SPECIMEN

As another example of homogeneous deformations, we consider simple shear of a
viscoelastic medium
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10.0

0.0

1

2

Fig. 7. The longitudinal stress '" (MPa) vs the extension ratio i. for poly(ethylene terephthalate) in
tension at 90"C with a constant rate of strain t. Circles, experimental data obtained by Salem
(1992) ; solid lines, prediction of the model with M = 2. Curve I, t = 0.42 (s -1) ; curve 2, t = 0.01
(S-I). The adjustable parameters f1 = 16.395 (MPa), '1, = 0.803, 'h = 0.149, B = 0.1, and f30 = 12.0

are found by fitting experimental data for t = 0.42 (S-I) with rio = 8.0 (s-') and 1'20 = 0.8 (S-I).
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Fig. 8. The longitudinal stress "I (MPa) vs time t (min) in tensile relaxation test for polycarbonate
at 20'C. Circles, experimental data obtained by Tervoort et al. (1996); solid lines, prediction of the
model. Curve 1,6 = 0.005; curve 2, 6 = 0.010, curve 3, 6 = 0.021 ; curve 4, f. = 0.029. The adjustable
parameters of the model equal K = 1404.302 (MPa), (l = 0.837, Bo = 1.092, B = 8.904, and f3 = 1.18.
The relaxation master curve (reduced to 6 = 0.01) is approximated by the Prony series with M = 6

and the parameters 17m and ImO presented in Table 2.
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Table 2. The adjustable parameters 11m and
i"mIJ for polycarbonate at 20C

0.5807
0.0602
0.0272
0.0347
0.0086
0.0087
0.2798

0.00000
0.00005
0.00050
0.00500
0.05000
0.50000
5.00000

60.0

0"1

0.0

0.0 (0.04
Fig. 9. The longitudinal stress 0", (MPa) vs the strain £ in tensile test with the rate of strain t = 0.01
(s- 1) for polycarbanate at 20'e. Circles, experimental data obtained by Tervoort et al. (19961: solid

line, prediction of the model.

(61 )

where X' and Xi ar,~ Cartesian coordinates in the initial and actual configurations, and
K = K(t) is a coefficient of shear.

It follows from eqn (61) that the deformation gradient Voi'(t) from the initial to the
actual configuration at instant t and the deformation gradient VJ(t) from the actual
configuration at instant T to the actual configuration at instant t are determined by the
formulas

(62)

where I is the unit tensor, and ci are unit vectors of the Cartesian coordinate frame in the
initial configuration.

According to eqn (62), the Finger tensors FO(t) and F"(t, T) equal
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Equation (63) implies that

t~(t,r) = [~(t,r) = 3+[K(t)-K(rW, I~(t,r) = l.
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(63)

(64)

We confine ourselves to a neo-Hookean viscoelastic medium eqns (34) and (48) with
a strain-dependent relaxation spectrum. Combining eqns (35), (48), (63), and (64). we find
that

where

+'It 11m1Nm(t, r)[l + (K(t) - K(r)"] dr}.

G22(t) = G3 3(t) = --p(t)+/l {t10+nt I1m[nm(t) +LNm(t,r)dr]},

{[ M J M r' }Gdt) = /l 11()+n~,l1mnm(t) K(t)+n~ll1m.o NmCt,r)[K(t)-K(r)]dr .

It follows from eqn (66) that the first difference of normal stresses equals

(66)

6.G(t) = ~l {[110 +'It f/m nmCt)}2 (t) +'It 11m1NmCt, r)[K(t) - K(rW dr}- (67)

Substitution of expressions (64) into eqn (34) with the use of eqn (48) yields

(68)

Given shear history KU), eqns (65) and (66) together with eqns (19), (27), and (68)
determine stresses in a viscoelastic medium. Since components of the Cauchy stress tensor
(1 are independent of spatia! coordinates, the equilibrium equations are satisfied identically.

Let us consider the standard relaxation test with

{

K' t ~ 0,
K(t) =

0, t < O.

Substituting expression (69) into eqn (66), we find that

(69)

(70)

According to eqns (68) and (70), the strain energy density Wo is independent of time, which
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implies that the rates of reformation 1m = Im(K) are time-dependent as well. Integration of
eqn (19) yields

(71 )

We substitute expression (71) into eqn (70) and arrive at the formula

Calculating the logarithm of both sides of eqn (72), we obtain

{ [
M (" (K ) )J}log<T12(t) = logr(K)+log fJ.o '10+];, '1mexp - 1~~(Ko) t ,

where Ko is a fixed coefficient of shear, fJ.o = fJ.Ko, and

K
r(K) = --.

Ko

(72)

(73)

(74)

Equation (73) implies that in the bi-Iogarithmic coordinates, the relaxation curve at
an arbitrary coefficient of shear K is obtained from the relaxation curve at Ko by vertical
shift by log r(K) and by horizontal shift by log ao(K). The latter means that some master
curve can be constructed by vertical and horizontal shifts of relaxation curves measured at
various coefficients of shear.

To examine this assertion, we consider experimental data for poly(methyl meth­
acrylate) plotted in Fig. 10. The relaxation master curve is depicted in Fig. I I together with
its approximation by the function

80.0

<Tl2

0.0

·2.0 log t 2.0
Fig. 10. The shear stress (T,2 (MPa) vs time t (min) for poly(methyl methacrylate) at 24'C. Circles,
experimental data obtained by McKenna and Zapas (1979); solid lines, prediction of the model.

Curve 1, K = 0.03; curve 2, K = 0.05, K = 0.06; curve 4, K ~ 0.10.
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-6.0 log t 4.0
Fig. 11. The shear stress 0"12 (MPa) vs time I (min) for poly(methyl methacrylate) at 24"C. The
master curve (reduced to /(0 = 0.05) is obtained based on experimental data provided by McKenna
and Zapas (1979). Filled circks, /( = 0.03; unfilled circles. /( = 0.05; asterisks, /( = 0.06; diamonds.
/( = 0.10. Solid line: approximation of the master curve by the Prony series with M = 10.110 = 68.334

(MPa), and the parameters rIm and Ym(/(O) presented in Table 3.

Table 3. The adjustable parameters 11m and
'r,,(/(o) for poly(methyl methacrylate) at

24°C

0.1687
0.0318
0.0456
0.0842
0.0527
0.0776
0.1036
0.0891
0.0721
0.0627
0.2118

0.0000
0.0001
0.0010
0.0100
0.1000
1.0000

10.0000
100.0000

1000.0000
10,000.0000

100.000.0000

with M = 10. The adjustable parameters /lo, 11m. and Ym(KO) are found to ensure the best fit
of experimental data. To check that the neo-Hookean model eqns (34) and (48) correctly
describe the mechanical behavior of poly(methyl methacrylate), the ratio r obtained by
vertical shift of the relaxation curves is plotted vs the ratio K/Ko in Fig. 12. The results
presented in this figure demonstrate that formula (74) is satisfied with a high level of
accuracy. Finally, to validate the phenomenological equation (23), we depicted the shift
factor ao determined by horizontal shift of the relaxation curves vs the strain energy density
Wo, see Fig. 13. The relaxation curves calculated by eqn (72) are plotted in Fig. 10.
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2.0

r
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o

0.0

0.0 K/KO 2.0
Fig. 12. The ratic r of the elastic response at shear K to the elastic response at shear Ko = 0.05 vs
K!K" for poly(methyl methacrylate) at 24T. Circles. data obtained by vertical shift of the relaxation

curves; solid line. prediction of the linear model.

8.0

lnau

-6.0

0.0 Wo 7.0
Fig. 13. The shift factor a" vs the strain energy density r-f":'n (MPa) for poly(methyl methacrylate) at
24'C. Circles, data obtained by horizontal shift of the relaxation curves; solid line, prediction of

the model with Bn = 28.891, B = 36.032, and fJ = 2.350.

To show that the model describes adequately the nonlinear viscoelastic behavior of
other polymers as well, we present data for an epoxy glass. Omitting technical details, we
plot only results of the shear relaxation test and their fitting by the model. see Fig. 14. Figures
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0.0 log t 2.0
Fig. 14. The shear stress 0'12 (MPa) vs time I (s) for an epoxy glass at 33.5C. Circles. experimental
data obtained by Waldron el al. (1995); solid lines. prediction of the model. Curve I, k' = 0.01 ;
curve 2, /( = 0.03; curve 3. g = 0.04; curve 4. /( = 0.05. The adjustable parameters of the model
equal 11 = 741.137 (MPa). Bo = 0.940. B = 4.129, and {i = 0.822. The relaxation master curve
(reduced to /(0 = 0.03) is approximated by the Prony series with .\1 = 4 and the parameters rym and

'/mO presented in Table 4.

Table 4. The adjustable parameters 11m and
'mO for an epoxy glass at 33.5 'C

I'mO (s I)

0.0843
0.0947
0.2658
0.2931
0.2621

0000
0.002
0020
0.200
2.000

10 and 14 demonstrate fair agreement between experimental data and their prediction by
the model.

7. RADIAL DEFORMATION OF A SPHERICAL PRESSURE VESSEL

Sections 5 and 6 dealt with homogeneous deformations of viscoelastic media. where
the internal time was the same for all material portions. The latter meant that the agin­
g/rejuvenation processes were homogeneous, and no additional forces arose due to the
difference in the material properties at different points. On the other hand, it is well known
that inhomogeneous aging can affect significantly stress distribution in a viscoelastic solid
(e.g., Arutyunyan et at., 1987).

To analyze stresses built-up due to the inhomogeneity of strains in a viscoelastic
medium with an internal clock, we consider inflation of a thick-walled spherical pressure
vessel which occupies the domain
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in the initial configu~ation. Here {R, 0, <I>} are spherical coordinates with unit vectors eR ,

ee, and e<]J. At the imtant t = 0, a pressure p = pet) is applied to the internal surface of the
sphere. Spherical coordinates {r, 8, 4>} in the actual configuration are expressed in terms of
the Lagrangian coodinates as

r=f(t,R), 8=O, 4>=<1>, (75)

where f(t, R) is a function to be found.
It follows from eqn (75) that the deformation gradient Vof(t) for transition from the

initial to the actual configuration at instant t and the deformation gradient Vrf(t) for
transition from the actual configuration at instant l' to the actual configuration at instant t
equal

(76)

Here

of
h(t) = lR(t),

G

and the argument R is omitted for simplicity. Equation (76) implies that

(77)

According to eqn C'7), we can write

This equality together with the incompressibility condition (40) results in

of (_ R )2
;3R(t, R) = V(t, R) .

Integration of eqn <)8) implies that

where C = CCI) is a function to be found. It follows from eqn (79) that

(78)

(79)
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(
R )2

j(t, R) = (R 3 + CCt)) 1/3, h(t, R) = ret, R) .

Combining eqns (77) and (80), we arrive at the formulas

[?(t) = 0~S +2 f~)r [get) = f~)Y +2 0~)r

[('(t t) = (f(t~)4 +2 (.[(t))2 [o(t) = (.[(t))4 +2 ([(t~)2
1, jet) V(t) , 2, t Vet) V(t)'

Substitution of expressions (81) into the constitutive eqn (35) yields

where

where

rt

(f(t))kYm,k(t) = Jo Nm(t, t) R dt.

It follows from eqn (83) that

{ [(
J(t))! (_R )4J M [. (J(t))2

G"e(t)-G"R(t) = 11 '10 R - Vw +m~1 '1m ('1m(t) + Ym,-2(t)) R
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(80)

(81 )

(82)

(83)

(84)

In the absence of body forces, the equilibrium equation reads

(86)

We integrate eqn (86) from 'I = jet, R 1) to '2 = j(t, R2) and use the boundary conditions

As a result, we obtain

(87)
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We return to the variable R in the integrand with the use of eqns (75) and (80), substitute
expression (85) into the obtained expression, and arrive at the nonlinear integral equation
for the function C(t)

fR' { [( C(t))2 1 M [ ( C(t))2p(t)=2J.1 R
,

110 ]+RJ -I +"~ll1m (nm(t,R)+Ym._ 2(t,R)) 1+ R
3

•

l}
ROdR

-(n",(t,R)+Y"'4(t,R)) c •

(R 3 + C(t)) 3
(88)

It follows from eqm (19) and (84) that the functions n",(t, R) and Y",At, R) obey the
ordinary differential equations (R is treated as a parameter)

an",
-;--(t, R) = -Y"Jt, R)n",(t, R), nm(O, R) = L
ct

cYm.k . [( C(t))k" 1~~-(t, R) = (7",(t, R)) 1+ - - Y"'k(t, R) ,
ct R 3 '

(89)

The rates of reformation for adaptive links Ym(t, R) are governed by eqn (27), where the
strain energy density TVo is determined by eqns (34), (48), and (81)

We introduce the dimensionless variables

(90)

(
R )'7 - - -'0

.~* - R, ' t* - flO t,
, C
C*=-,

Rj

and present eqns (88) to (90) as follows (asterisks are omitted for simplicity) :

pet) = ! fIR'/R
1

)) {110 [(I + C(t)Z-I)2 -I] + f I1m[(nm(t, Z) + Ym.- 2(t, Z))(1 + C(t)Z -1)2
3 ] m~1

-(nm(t,Z)+ Ym.4(t,Z)))}(1 __ C(t)Z-I)-nZ-1 dZ, (91)

an", YmO 0 )
-.,-(t, Z) = - (Z) nm(t, Z), nm(, Z = I,
iJt '!Ioa t,

Ina(t,Z)=B{[1+!30(2(1+C(t)Z If 3+(1+C(t)Z I) 43_3)]-1_1}. (93)

To solve eqns (91) to (93) numerically in the dimensionless time interval [0, T], we
introduce a time step <5 and divide the interval [0, T) by points tm = n<5 (n = 0, I, ... ,N). At
n = 0, the functions /1mand Ym .k are known, and eqn (91) can be treated as a nonlinear
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Fig. 15. The dimensionless displacement u of the inner surface vs the dimensionless time t for a
nonlinear viscoelastic spherical vessel with B = 1.0 and (i = 0.1. Curve I,p = 0.06; curve 2,p = 0.10;

curve 3, p = 0.14.

algebraic equation for C, which is solved by the bisection method. Using the obtained C
value, we determine a from eqn (93). Afterwards we calculate the functions nm and Ym .k at
n = I by integrating eqn (92). Repeating the same procedure N times, we determine the
function C(t) for a given loading program p(t). Using this function, we can easily calculate
stresses and displacements in a spherical shell with the use of eqn (80) and (83). The radial
displacement u on the internal surface of the vessel equals

The stress intensity 5 is determined as

where s is the deviatoric part of the Cauchy stress tensor (1. For radial deformation of a
sphere under the action of imernal pressure.

Combining this equality with eqn (85), we arrive at the formula

{ [(
C(t))2/3 ( C(l)) .4/3J

5(t,Z) = f1 '10 1+ Z - 1+ Z

M [ . ( C(t))2.3 ( C(t))-4.r]}
+rr~l'lm (n",(t,Z)+Y",._2(t,Z)) 1+-2 -(nm(t,Z)+Y",.4(t,Z)) I+ z _

Results of numerical simulation at T = 10, R 2/R 1 = lA, M = I, and '10 = 0.7 for a time­
independent pressure p = co tlstant are presented in Figs 15-18, where the dimensionless
displacement u* = u!R 1 and the dimensionless stress intensity 5* = 5/f1 are plotted vs the
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0.0

0.0 t 10.0
Fig. 16. The dimeasionless displacement u of the inner surface vs the dimensionless time r for a
nonlinear viscoela, tic spherical vessel with B = 1.0 and p = 0.14. Curve I, fJ = 0.1 ; curve 2, fJ = 1.0;

curve 3, fJ = 10.0.

0.8

u

0.0

b-------======1 2

~b~==__-------11

~

0.0 10.0
Fig. 17. The dimtnsionless displacement u of the inner surface vs the dimensionless time r for a
nonlinear viscoelastic spherical vessel with fJ = 0.5. Curved I. p = 0.10: curve 2, p = 0.14. Curve

(a). B = 0.1 ; curve (b), B = 10.0.

dimensionless time .'* (asterisks are omitted for simplicity). The following conclusions are
drawn:

(i) the creep process in a spherical pressure vessel is extremely nonlinear: for small loads,
an increase in the radial displacement u is rather small, and the limiting displacement
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Fig. 18. The dimensionless stress intensity S vs the dimensionless time I for a nonlinear, viscoelastic
spherical vessel with fJ = 0.5 'illd P = 0.14. Curve 1, inner surface; curve 2, outer surface. Curve (a),

B = 0.1; curve (b), B = 10.0.

is reached relatively rapidly; for large pressures, the growth of the radial displacement
is large, and significant time is necessary for the displacement to reach its limiting
value, see Fig. 15;

(ii) the growth of the f3 value leads to an increase in the rate of creep and to a decrease in
the time necessary to reach the limiting values of displacements. However, the effect
of f3 on the radial displacement is rather weak: an increase in f3 by two orders of
magnitude leads to an increase in u which does not exceed 30 per cent, see Fig. 16;

(iii) an increase in the B value affects stresses and displacements in a spherical vessel. The
influence of B is rather strong for large pressures, and it becomes less pronounced for
small loads. The growth of B entails an increase in the rate of creep, see Fig. 17, and
an increase in the stress intensity, see Fig. 18;

(iv) for the standard K-BKZ constitutive equations with stress/strain independent relax­
ation spectra, the correspondence principle (the Alfrey theorem) is satisfied. According
to it, stresses in a viscoelastic medium loaded by time-independent forces on the entire
boundary surface are time-independent, since they are determined from an appropriate
"elastic" problem. Figu-e 18 demonstrates that the correspondence principle is not
valid for viscoelastic media with strain-dependent relaxation spectra. The stress inten­
sities S on the inner and outer surfaces of the vessel increase in time and tend to some
limiting values. The growth of stresses on the outer surface depends monotonically on
B, while a non-monotonic dependence is observed on the inner surface (at the initial
stage ofloading). This phenomenon may be explained by inhomogeneity of stresses in
the vessel, where large gradients of stresses arise in the vicinity of the inner boundary.

8. CONCLUDING REMARKS

New constitutive equations for the nonlinear behavior of viscoelastic media at finite
strains are derived and verified by comparison of results of numerical simulation with
experimental data (in tensile and shear tests) for a number of polymers. The model deals
with viscoelastic materials which do not possess the separability property.
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The constitutive model generalizes the concept of transient networks by assuming the
rates of reformation and breakage for adaptive links to depend strictly on a strain energy
density. A new phenomenological equation is proposed for the effect of strains on the
shift factor, see eqn (23), which extends the Doolittle formula to viscoelastic media with
mechanically induced relaxation spectra.

The model with :1 relatively small number M of different kinds of adaptive links ensures
fair agreement with experimental relaxation curves, see Figs 1, 8, 10, and 14, and correctly
predicts the material response in tensile tests with a constant rate of strains without any
additional fitting adjustable parameters, see Fig. 7.

An important advantage of the model is that it can adequately describe the stress­
strain dependencies with a local maximum (the yield-like behavior) and two local maxima
(double yield) on the nominal stress-nominal strain curves. Analysis of experimental data
for semicrystalline polymers leads us to a hypothesis that a high level of crystallinity may
cause deviations from the separability property.

To demonstrate the influence of the strain inhomogeneity on stresses in a viscoelastic
medium, we consider radial deformation of a thick-walled spherical pressure vessel. An
explicit solution is derived, where the only function C(t) is determined numerically by
solving integro-differential eqns (91) through (93). It is shown that the correspondence
principle is not valid for the model under consideration, and stresses change significantly
in time even under the action of a time-independent internal pressure.
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